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Abstract
Ferromagnetic spin ordering can take place in neutron stars. This phase transition alters the
neutron star equation of state. Here, applying the scalar-tensor theories of gravity, we investigate
the structure of neutron stars which are in the ferromagnetic phase. Considering the equation of
state of ferromagnetic neutron matter with Skyrme-type interactions at zero temperature and using
the scalar-tensor theories of gravity with sufficiently negative coupling constant, we explore the
spontaneous scalarization in ferromagnetic neutron stars. In this regard, the mass versus the central
density, the profiles of scalar field and mass and density, the central scalar field for different central
densities, and the mass-radius relation of ferromagnetic neutron stars are presented. Moreover, we
investigate the influences of the coupling constant on the scalarization of ferromagnetic neutron
stars. The effects of the coupling constant on the critical densities of scalarization and the scalar
charge of ferromagnetic neutron stars are also calculated. In addition, we study the maximum
value of the coupling constant at which the spontaneous scalarization takes place presenting the
influence of the neutron matter equation of state on this critical value.
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I. INTRODUCTION
Ferromagnetic spin state in neutron stars is one of the most interesting subjects for both
nuclear and particle astrophysicists. Different investigations verify that this ordering takes
place in neutron stars [1–14]. The conditions for a ferromagnetic transition in neutron stars
in the framework of exact general-relativistic equilibrium hydrodynamics and applying the
relativistic equation of state (EOS) for interacting hard-core nucleons have been presented
[1]. They showed that a ferromagnetic transition in these stars is not inconsistent with
stellar equilibrium in possible superdense stars. The ferromagnetic transition has been
explored in a dense neutron matter system employing the Landau’s Fermi liquid function for
a hard-sphere gas of neutrons [2]. Applying the relativistic Hartree-Fock approach to a pure
neutron system with the densities appropriate for neutron stars shows that the ferromagnetic
transition is specified by the Fock terms [3]. Within a relativistic Hartree-Fock approach
and using different combinations of mesons and couplings, it has been clarified that a π-
meson pseudoscalar coupling prefers the ferromagnetic phase in the pure neutron system
[4]. Studying the neutron matter with Skyrme forces verifies that with the parameters
which provide a very good parameterization of realistic neutron matter calculations, the
ferromagnetic spin ordering occurs in the neutron matter [5]. The Landau Fermi liquid
theory confirms that the spontaneous magnetization takes place in dense degenerate neutron
system and this phase transition determines the neutron star density and magnetic field [6].
Studying the highly dense nuclear matter with the relativistic mean-field approach confirms
that when the axial-vector interaction is negative enough, the system holds ferromagnetism
[7]. Employing the Hartree-Fock theory for a system of nucleons interacting through a
central spin-isospin schematic force and using the technique of the anomalous propagator,
the critical values of the interaction that leads to a transition to a ferromagnetic phase have
been obtained [8]. The axial anomaly acting on the parallel layers of neutral pion domain
walls which spontaneously formed at high density in chiral nonlinear sigma model results in
a ferromagnetic phase at high density for degenerate neutron matter [9]. Noting the chiral
effective model incorporating magnetic fields and the chiral anomaly, it has been shown
that with an axial vector meson condensation, there will be a possible realization of a QCD
ferromagnetic phase and ferromagnetic magnetars [10]. The calculation in the framework of
a relativistic σ+ω+π+ρ Hartree-Fock approach verifies that the interaction of protons with
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neutrons leads to the lower densities of spontaneous magnetization compared to the pure
neutron matter [11]. Considering the presence of the protons with neutrons in a Hartree-
Fock methed with Skyrme forces also leads to the reduction of the density of ferromagnetism
[12]. For asymmetric nuclear matter in the framework of a Fermi liquid theory with the
Skyrme effective interaction, the system experiences a phase transition to the spin polarized
state with the oppositely directed spins of neutrons and protons, i.e. antiferromagnetic spin
state [12]. However, considering the phase transition of symmetric nuclear matter in Fermi
liquid theory with the Skyrme effective interaction confirms that the ferromagnetic spin
state is preferable over the antiferromagnetic one [13]. The critical density of ferromagnetic
transition in neutron matter with Skyrme-type interactions decreases with temperature [14].
Scalar-tensor theories of gravity (STTs) which are among the extensions of general rela-
tivity (GR) have been studied and developed by Fierz [15], Jordan [16], Brans and Dicke [17],
Bergman [18], Nordtvedt [19], Wagoner [20], Damour and Esposito-Farese [21]. These the-
ories which include one or more scalar fields coupled to matter, predict scalar gravitational
wave that can be detected by the laser interferometer [22, 23]. These theories of gravity
have been extensively applied to investigate the relativistic compact objects [24–38]. It has
been confirmed that a wide class of STTs passes the weak-field gravitational tests indicating
nonperturbative strong-field deviations away from GR in neutron stars [24]. The instability
in spherically symmetric stars in STTs is induced by the scalar field for some ranges of the
value of the first derivative of the coupling function [25]. In the gravitational collapse of
neutron star toward a black hole, the amplitude of the gravitational wave increases with
the value of the parameter of the coupling function [26]. Using a turning point method, the
secular stability of neutron stars in STTs against spherically symmetric perturbations has
been studied [27]. Considering spherical neutron star models in STTs, it has been shown
that with some conditions on the second derivative of the coupling function and on star’s
mass, there exist two strong-scalar-field solutions as well as the usual weak-field one [28].
Solving the field equations describing the equilibrium of rapidly rotating neutron stars in
scalar-tensor theories of gravity shows that the deviations of the rapidly rotating scalar-
tensor neutron stars from the GR solutions is significantly larger than in the static case [29].
Studying the effect of a mass term in the spontaneous scalarization of neutron stars confirms
that this addition is a natural extension to the model that avoids the observational bounds
on the STTs [30]. Investigation of slowly rotating neutron stars in scalar-tensor theories
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with a massive gravitational scalar fiels verifies that that mass, radius and moment of in-
ertia for neutron stars in massive scalar-tensor theories can differ drastically from the pure
GR solutions [31]. For lower sound velocity in the core of neutron stars, the maximum mass
limit of the scalarized neutron stars is larger than that of in GR, while for the stiff EOSs
with high sound velocity, the maximum mass limit in GR is larger than the one in STT
[32]. Applying different realistic equations of state, including pure nuclear matter, nuclear
matter with hyperons, hybrid nuclear and quark matter, and pure quark matter to study
the scalarization of static and slowly rotating neutron stars shows that the magnitude of
the scalarization is correlated with the value of the gravitational potential at the center of
the star [33]. The coupling to additional degrees of freedom in massless STTs leads to new
families of modes in the spectrum of pulsating neutron stars, with no counterpart in GR [34].
Relativistic stars in degenerate higher-order STTs which evade the constraint on the speed
of gravitational waves imposed by GW170817 have been investigated [35]. Their results
indicate that for high density stars, the mass-radius relation changes from the one in GR.
For the coupling constant confined to values provided by the astronomical observations, the
maximum compactness of neutron stars in GR is higher than the one in STT [36]. Apply-
ing scalar-tensor theory with massive field with self-interaction term in the potential to the
neutron star models demonestrates that the self-interaction term suppresses the scalar field
and large deviations from pure GR is observed [37]. Using a class of scalar-tensor theories of
gravity indistinguishable from GR in the weak field regime but with significant deviations in
strong fields, it has been shown that the maximum mass of a differentially rotating neutron
star increases significantly for scalarized solutions and such stars can reach larger angular
momenta [38]. Regarding the above discussions, the EOS of ferromagnetic neutron matter
can have significant effects on the scalarized neutron stars. The main goal of this work is
investigating the effects of the ferromagnetic neutron matter on the structure of neutron
stars in STTs. Considering the ferromagnetic neutron matter with Skyrme-type interac-
tions within the STT, we investigate the structure as well as the spontaneous scalarization
of ferromagnetic neutron stars.
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II. FORMALISM
We note a homogeneous system of N neutrons with the spin-up number density n↑, spin-
down number density n↓, and total number density n = n↑ + n↓. The Skyrme-like effective
interactions have the standard form [14, 39],
V (r1, r2) = t0(1 + x0P
σ)δ(r)
+
1
2
t1(1 + x1P
σ)(K′
2
δ(r) + δ(r)K2) + t2(1 + x2P
σ)K′.δ(r)K
+
1
6
t3(1 + x3P
σ)[ρ(R)]γδ(r) + iW0(σ1 + σ2).[K
′ × δ(r)K], (1)
with r = r1 − r2, R = (r1 + r2)/2, K = (∇1 − ∇2)/2i, and P σ = (1 + σ1.σ2)/2. Besides,
K, the relative momentum acts on the right and K′ is its conjugate and acts on the left.
Moreover, t0, t1, t2, t3, x0, x1, x2, x3, γ, and W0 are the Skyrme-force parameters. The
total energy of neutron matter per particle is calculated by E/N = 〈ψ|H|ψ〉/N through
the Hartree-Fock method in which ψ and H denote the wave function and the Hamiltonian
of system, respectively. For the non-ferromagnetic neutron matter (NFM), the energy per
particle is as follows [39],
ENFM/N =
3
5
~
2
2m
(3π2n)2/3 +
1
4
t0(1− x0)n+ 1
24
t3(1− x3)nγ+1 + 3
40
(3π2)2/3Θn5/3, (2)
with Θ = t1(1 − x1) + 3t2(1 + x2). We also consider a system of polarized neutron matter
with the spin-up number density n↑, spin-down number density n↓, and spin polarization
parameter ∆ = (n↑−n↓)/n. The energy per particle for ferromagnetic (FM) neutron matter
is given by [14],
EFM/N =
~
2
2m
τ↑ + τ↓
n
+
1
4n
[2t2(1 + x2)][τ↑n↑ + τ↓n↓]
+
1
4n
[t1(1− x1) + t2(1 + x2)][τ↑n↓ + τ↓n↑]
+
1
n
[t0(1− x0) + 1
6
t3(1− x3)nγ]n↑n↓, (3)
with
τσ =
3
10
(3π2n)2/3n(1±∆)5/3, (4)
in which + and − denote the up and down spin projections. It is possible to calculate the
equilibrium value of the spin polarization parameter, i.e. ∆min, at each number density
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n from Eq. (3). By the equilibrium value, we mean the value at which the energy is
minimum. Besides, the energy at each ∆min can be calculated using Eq. (3). Here, we
employ the SLy230a model to describe the neutron matter EOS [39]. At lower densities, ∆min
is equal to zero and neutron matter is fully unpolarized. At a density about 5.40ρ0 in which
ρ0 = 1.66×1017kg/m3, this parameter spontaneously increases and it reaches to 1 at a density
about 10.41ρ0. Neutron matter with the densities between 5.40ρ0 < ρ < 10.41ρ0 is partially
polarized. Besides, with the densities higher than 10.41ρ0, the neutron matter becomes fully
polarized and it is in ferromagnetic state. Applying the first law of thermodynamics, i.e.
P = n2(∂(E/N)
∂n
), the EOSs for the NFM and FM neutron matter are calculated. Fig. 1
shows the EOSs of non-ferromagnetic and ferromagnetic neutron matter in Sly230a model.
For both NFM and FM neutron matter, the pressure grows by increasing the density. At
ρ / ρ0
P
/P
0
0 2 4 6 8 10 12 140
0.5
1
1.5
2
2.5 NFM
FM
FIG. 1: Pressure, P , of the non-ferromagnetic (NFM) and ferromagnetic (FM) neutron matter in
SLy230a model versus the density, ρ, with P0 = 5× 1034kg/ms2 and ρ0 = 1.66 × 1017kg/m3.
most values of ρ, the rate at which the pressure increases is higher for NFM neutron matter.
Therefore, the EOS of FM neutron matter is softer than NFM one. As wee see in the
following, the softening of the EOS affects the properties of the scalarized neutron stars, i.e.
mass, radius, and spontaneous scalarization. The main goal of this work is investigating the
effects of neutron matter ferromagnetism on the properties of neutron stars in STTs.
To describe the neutron stars in STTs, we start with the spacetime line element in the
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Einstein frame for a spherical symmetry static neutron star as follows [40],
ds2 = −N(r)2dt2 + A(r)2dr2 + r2(dθ2 + sin2 θdφ2), (5)
in which N(r) and A(r) are the metric functions. The function A(r) is related to the mass
by A(r) := [1 − 2m(r)/r]−1/2. We also consider the neutron star as a perfect fluid with
stress-energy tensor as follows,
T˜ µν = ǫ˜u˜µu˜ν + p˜(g˜µν + u˜µu˜ν), (6)
with the fluid’s total energy density ǫ˜, pressure p˜, and 4-velocity u˜. It should be noted that
tilde presents the quantities in Jordan frame. Besides, we denote the physical metric or
Jordan metric by g˜µν := a(φ)
2gµν in which a(φ) and φ are the coupling function and scalar
field, respectively. For the coupling function a(φ), we consider two models as follows [24, 40],
Model 1 (M1) : a(φ) = [cosh
(√
3β(φ− φ0)
)
]
1
3β ,
α(φ) =
1√
3
tanh(
√
3β(φ− φ0)), (7)
Model 2 (M2): a(φ) = e
1
2
β(φ−φ0)2 ,
α(φ) = β(φ− φ0), (8)
in which β is the coupling constant and we assume φ0 = 0. In addition, α(φ) :=
d lna(φ)
dφ
. It
has been verified that a nonperturbative amplification mechanism of the coupling strength of
the scalar field exists when the logarithm of the coupling function has a sufficiently negative
curvature around φ0 [24]. They showed the existence of strong-field deviations from GR in
STTs with β . −4. Besides, the negative values of β result in the scalar field nonlinearities
and these reinforce the naturally attractive character of scalar interactions [43]. We know
that the binary pulsar experiments set constraints on the value of the coupling constant i.e.
β > −4.8 [44]. Moreover, the pulsar-white dwarf binary PSR J0348+0432, put a bound
on the coupling constant β ≥ −4.5 [44]. These constraints are in the massless scalar field
case. However, adding a mass term to the scalar field potential results in the extension
to the model that avoids these observational bounds [30]. In fact, the coupling constant
can be much smaller than −4.5 for massive STTs [31]. We apply different values for the
coupling constant which are lower and larger than the lower limit set by the binary pulsar
experiments. Consideration of the values smaller than the lower limit from the observations
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is justified because in the present study which is the first investigation of the scalarized FM
neutron stars, we are interested on the effects of the coupling constant on the scalarization of
these stars. In addition, the calculations with β < −4.5 in the massless case give the upper
limit for the deviations from GR in the massive case [38]. We also calculate the maximum
value of the coupling constant at which the spontaneous scalarization takes place in NFM
and FM neutron stars. This determines the influence of the neutron matter EOS on this
critical value. This value has previously calculated using a polytropic equation of state to
be −4.35 in the nonrotating star [27] and −3.9 in rapidly rotating stars [29].
By applying some calculations, the field equations in STTs lead to the following equations
which describe the structure of neutron stars in STTs [40],
dm
dr
= 4πr2a4ǫ˜+
r
2
(r − 2m)
(dφ
dr
)2
, (9)
d lnN
dr
=
4πr2a4p˜
r − 2m +
r
2
(dφ
dr
)2
+
m
r(r − 2m) , (10)
d2φ
dr2
=
4πra4
r − 2m
[
α(ǫ˜− 3p˜) + r(ǫ˜− p˜)dφ
dr
]
− 2(r −m)
r(r − 2m)
dφ
dr
, (11)
dp˜
dr
= −(ǫ˜+ p˜)
[
4πr2a4p˜
r − 2m +
r
2
(dφ
dr
)2
+
m
r(r − 2m)+α
dφ
dr
]
, (12)
dmb
dr
=
4πr2a3ρ˜√
1− 2m
r
, (13)
in which mb denotes the baryonic mass. These are the generalized Tolman-Oppenheimer-
Volkoff equations in STTs. The boundary conditions to solve these equations together with
the neutron matter EOS are as follows,
m(0) = mb(0) = 0, lim
r→∞
N(r) = 1, φ(0) = φc, lim
r→∞
φ(r) = 0,
dφ
dr
(0) = 0, p˜(0) = pc, p˜(Rs) = 0, (14)
where Rs is the radius of the star. Using a fourth-order Runge-Kutta algorithm [41], we
integrate the above equations. The integration is done with the boundary conditions at
r = 0. In addition, with a guess for the scalar field at the center, i.e. φ(0) = φc, we do the
iteration on φc such that the following condition satisfies [24, 40],
φs +
2ψs√
ν˙2s + 4ψ
2
s
arctanh
[√
ν˙2s + 4ψ
2
s
ν˙s + 2/Rs
]
= 0. (15)
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In the above equation, the subscript s denotes the quantities on the surface of star. Besides,
ψs := (dφ/dr)s and ν˙s := 2(d lnN/dr)|s = Rsψ2s +2ms/[Rs(Rs−2ms)]. Moreover, the ADM
mass, MADM , and scalar charge, ω, are given by [24, 40],
MADM =
R2s ν˙s
2
(
1− 2ms
Rs
) 1
2
exp
[
−ν˙s√
ν˙2s + 4ψ
2
s
arctanh
(√
ν˙2s + 4ψ
2
s
ν˙s + 2/Rs
)]
, (16)
ω = −2MADMψs/ν˙s. (17)
It should be mentioned that the scalar charge is introduced through the asymptotic behavior
of the scalar field with r →∞ as follows [21],
φ(r) = ω/r +O(1/r2). (18)
III. RESULTS AND DISCUSSION
A. Mass versus the Central Density
Fig. 2 demonstrates the NFM and FM neutron star mass as a function of the central
density for the STT and GR in two models (M1 and M2) of coupling function for different
values of the coupling constant. In M1 for different values of the coupling constant and M2
for higher values of the coupling constant, the neutron star mass increases by increasing the
density to a special value of the central density. For the densities higher than that special
value, the neutron star mass is constant. This special value of the central density is greater
for NFM neutron stars. At lower densities, the mass of FM neutron stars is greater than
that of NFM ones. But at higher densities, the mass of NFM neutron stars is higher than
that of FM stars. This is due to this fact that the EOS of NFM neutron matter is stiffer
than the EOS of FM neutron matter. In addition, in M1 for different values of β and in M2
for higher values of β, for both NFM and FM neutron stars, the results of GR and STT are
nearly equal. This is while the results of STT and GR are different for lower values of β.
For the cases that the results of GR and STT are different, the neutron stars are scalarized.
In M2 with lower values of β, the mass of the stars with lower central densities in STT is
smaller than GR. However, for some stars with higher densities, the mass in STT is greater
than GR. As we see in the following, this fact that the result of STT how is different from
GR is related to the variation of the central scalar field respect to the central density. For
9
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FIG. 2: Neutron star mass, M, versus the central density, ρc, for NFM and FM neutron stars in
STT and GR applying M1 and M2 with different values of the coupling constant, β.
NFM neutron stars with high densities, the results of STT and GR are the same. Therefore,
there is no scalarized NFM neutron stars with high central density. However, for the FM
neutron stars with densities greater than a special value, the results of GR and STT are not
the same. This difference continues to highest values of the density considered in this work,
i.e. ρc = 14ρ0. Therefore, even the FM neutron stars with high densities are scalarized
unlike NFM stars. In fact, this phenomenon (scalarization of FM neutron stars with high
densities) is the main distinction of NFM and FM neutron stars. For the lower values of β,
the deviation of STT from GR is more considerable. Besides, the difference of the results
in STT and GR is more significant in M2 compared to M1. In Table I, we present the
maximum mass for NFM and FM stars. According to these results, for NFM neutron stars
in two models, the maximum mass decreases by increasing the coupling constant. The
difference of maximum mass in two models decreases by increasing β. In FM stars unlike
the NFM ones, the maximum mass in two models grows with the increase of β. So we can
conclude that the effects of β on the maximum mass depend on the EOS of neutron matter.
10
Maximum Mass (M⊙)
Model β STT (NFM) STT (FM)
1 −6.0 2.15 1.32
−5.3 2.09 1.33
−4.5 1.93 1.36
2 −6.0 2.48 1.16
−5.3 2.20 1.27
−4.5 1.93 1.36
TABLE I: Maximum mass of NFM and FM neutron stars in STT for different values of the coupling
constant in two models. Besides, the maximum mass for NFM and FM neutron stars in GR is
2.15 M⊙ and 1.36 M⊙, respectively.
Maximum Compactness
Model β STT (NFM) STT (FM)
1 −6.0 0.30 0.16
−5.3 0.28 0.16
−4.5 0.25 0.17
2 −6.0 0.29 0.13
−5.3 0.28 0.15
−4.5 0.25 0.16
TABLE II: Maximum compactness of NFM and FM neutron stars in STT for different values of the
coupling constant in two models. Besides, the maximum compactness for NFM and FM neutron
stars in GR is 0.33 and 0.17, respectively.
With stiffer EOS (NFM neutron matter), the maximum mass reduces as β grows. However,
with softer EOS (FM neutron matter), the maximum mass increases by increasing β. In
addition, for NFM neutron stars, the maximum mass in M2 is greater than M1. However,
this difference of two models is opposite for the FM stars. It should we noted that the
maximum mass of FM stars in STT is always smaller than or equal to one in GR. In both
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gravities, the maximum mass of FM stars is lower than the NFM ones. This is due to the
fact that the EOS of FM neutron matter is softer than the NFM one. Table II also gives
the maximum compactness of NFM and FM neutron stars. By increasing β, the maximum
compactness of stars in STT, reduces for NFM stars while it grows for FM ones. Moreover,
for almost all NFM and FM neutron stars, the maximum compactness in STT is lower than
the one in GR. This effect is in agreement with the one reported in Ref. [36].
B. Profiles of Scalar Filed, Mass, and Density
Fig. 3 shows the profile of scalar field for NFM and FM neutron stars in STT with two
models. The value of scalar field is nonzero in each point of the stars. Moreover, for different
values of β, at each distance to the center of star, M2 predicts higher values for the scalar
field compared to M1. This is because in M2, the coupling of scalar field to metric is more
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FIG. 3: Profile of scalar field in NFM and FM neutron stars for two models with different values
of the coupling constant, β. The values of the central density are ρc = 7ρ0 and ρc = 12ρ0 for the
NFM and FM neutron stars, respectively.
significant compared to M1. The rate at which the scalar field reduces is higher in M2.
Our calculations verify that by increasing β, the scalar field in neutron star decreases. This
is due to the fact that for lower values of β, the coupling of scalar field to metric is more
significant. In addition, the scalar field for FM neutron star is smaller than the NFM one.
Therefore, with the softer EOS, the magnitude of the scalar field is smaller than the one
with the stiffer EOS. The difference between the profile of scalar field in two models is more
considerable for NFM neutron stars. Moreover, with different values of β, for both NFM
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and FM neutron stars, the difference of M1 and M2 is more important in the center of star
compare to its surface.
Fig. 4 presents the profile of mass for NFM and FM neutron stars in STT with two
models. According to Fig. 4, the mass profiles in two models are different for both NFM
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FIG. 4: Same as Fig. 3 but for the profile of mass.
and FM neutron stars. This difference is more significant for NFM stars. With higher values
of β, the profiles approach to each other. The mass profile of FM stars in two models is
lower than the NFM one. This is due to the fact that the FM EOS is softer than NFM one.
Fig. 5 shows the profile of density for NFM and FM neutron stars in STT with two models.
For the profile of density, the difference between two models is more considerable at lower
coupling constants. This difference is nearly negligible for FM stars. Fig. 5 confirms that
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FIG. 5: Same as Fig. 3 but for the profile of density.
by increasing β, the density becomes equal to zero at smaller distances to the center of star
(i.e. stars with smaller radii). Moreover, at each coupling constant, M2 predicts larger radii
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for NFM stars. It should be noted that for FM neutron stars, the effect of coupling constant
on the radius is not considerable.
C. Central Scalar Field versus the Central Density
Fig. 6 shows the central scalar field versus the central density for NFM and FM neutron
stars. For both NFM and FM stars considering two models with all values of the coupling
constant, the central scalar field is zero at lower densities. For stars with zero central
scalar field, the solutions of GR and STT are equal. Considering both NFM and FM stars,
the scalar field increases by increasing the density from a certain value and therefore the
spontaneous scalarization takes place. However, the densities at which the scalarization
takes place are different for NFM and FM neutron stars. In this work, we denote the first
critical density of scalarization by ρcr1. The GR and STT solutions are different at nonzero
scalar fields. In both models for all values of β, the scalar field of NFM stars becomes zero at
a value of density (second critical density of scalarization, ρcr2). Moreover, for these stars,
the scalar field remains zero up to high densities. Consequently, the high density NFM
neutron stars are not scalarized. However, for FM neutron stars, the scalar field increases
monotonically by increasing the density and it does not become zero even at high densities.
Therefore, the high density FM neutron stars are also scalarized. This is the main difference
of NFM and FM stars. This phenomenon is related to the one explained in Fig. 2. In fact,
the difference of the GR and STT solutions up to high densities for the mass verses the
density in FM stars is a result of the nonzero scalar field in these stars. Therefore, the EOS
of star affects its scalarization. It can be seen from Fig. 6 that with lower values of β, the
first critical densities of scalarization for NFM and FM stars are more close to each other.
Besides, for lower values of β, the ranges of density at which the NFM and FM stars are
scalarized have more overlap with each other. For NFM stars in two models, the value of
ρcr1 increases as the coupling constant grows, in agreement with the result of Ref. [36]. In
addition, for these stars, ρcr2 decreases by increasing β. It can be concluded that the range
at which the NFM stars are scalarized is larger for lower values of β. With lower values of
the coupling constant, ρcr1 in FM stars is smaller than NFM ones. Therefore, with lower
values of β, lower density FM stars can be also scalarized. We can found that the range of
scalarization in FM neutron stars is greater than NFM one. In fact, softening of EOS leads
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FIG. 6: Central scalar field, φc, versus the central density, ρc, for NFM and FM neutron stars
applying M1 and M2 with different values of the coupling constant, β. Note that in GR we have
φc = 0.
to a larger range of scalarization. This effect agrees with the result reported in Ref. [42].
Another result of Fig. 6 is that by increasing the coupling constant, the maximum value of
the central scalar field decreases. For that reason, neutron stars are more scalarized with
lower values of β. This result has also reported in Refs. [24, 26, 36]. Fig. 6 also verifies that
M2 predicts higher values of the scalar field compared to M1. Therefore, the stars are more
scalarized in M2.
D. Mass-Radius Relation
Fig. 7 presents the mass-radius relation for NFM and FM neutron stars in STT and
GR considering two models with different values of β. The mass-radius relation of neutron
stars which are not scalarized is equal in STT and GR. With different values of β in M1
and with high values of β in M2, for NFM and FM neutron stars, the smaller stars have
larger masses. Besides, for that conditions, the bigger stars have lower masses. In fact, they
are gravitationally bound stars. Fig. 7 shows that in two models for neutron stars, the
deviation of STT from GR is more significant with lower values of β. According to Fig. 7,
for massive NFM neutron stars, the results of STT and GR are equal. However, for massive
FM neutron stars, these results are not the same. This is due to the fact that high density
FM stars unlike the NFM ones are scalarized (see Fig. 6). In addition, this deviation in
M2 is more considerable than M1. Because M2 predicts more scalarization for neutron stars
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FIG. 7: Mass versus the radius for NFM and FM neutron stars in STT and GR applying M1 and
M2 with different values of the coupling constant, β. The lines which show the allowed region for
neutron stars are also presented.
compared to M1. For lower values of β, the deviation of STT from GR in the mass-radius
relation takes place in a greater region. This is a result of the fact that with lower values of
β, the range of scalarization is bigger (see Fig. 6). For scalarized NFM stars (specially with
β = −6.0 in M2), the massive stars are bigger while the lower mass ones are smaller. This
means that the slop of mass-radius relation for these stars is different from the one in GR.
In fact, in these cases, the stars are self bound. However, the scalarized FM neutron stars
are still gravitationally bound. It is clear from Fig. 7 that the deviation of STT from GR is
more significant for NFM stars compared to FM ones. Therefore, it can be concluded that
the EOS of neutron matter affects the amount of deviation of STT from GR. The scalarized
NFM neutron stars are larger in size compared to the GR solutions. In addition, for FM
neutron stars, the mass of scalarized stars is lower than the stars in GR. This is similar to
the result of Ref. [40].
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in M1 versus the coupling constant, β.
E. Critical Density of Scalarization
In this part, we are going to investigate the effects of the coupling constant on the critical
density of scalarization for NFM and FM stars. Fig. 8 gives the first and second critical
densities for different stars in M1 versus the coupling constant. For both NFM and FM
stars, the first critical density, ρcr1, increases as the coupling constant grows. This means
that for higher values of β, the stars become scalarized at higher densities. It should be
noted that our results confirm that the critical density of scalarization does not depend on
the coupling function model. It is clear from Fig. 8 that for the most values of β, the first
critical density in FM stars is higher than the one in NFM stars. Moreover, the rate at which
ρcr1 grows with β is greater for FM stars. The effects of the spin polarization of neutron
matter on ρcr1 is more significant when the coupling constant is higher. Fig. 8 also shows the
second critical density of scalarization for NFM stars versus β. It should be mentioned that
since the FM neutron stars are scalarized up to high densities, the second critical density of
scalarization is not defined for the FM stars. In NFM stars, the second critical density, ρcr2,
decreases as β grows. Regarding the increase of ρcr1 with β, it is possible to conclude that
for NFM neutron stars, the range of density at which the scalarization takes place decreases
as the coupling constant grows. Therefore, the solution of STT approaches to GR when β
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FIG. 9: Same as Fig. 8 but for a smaller range of the coupling constant.
increases.
To explore how the neutron matter EOS affects the critical value of β, i.e. the maximum
value of the coupling constant at which the scalarization takes place, we have presented the
critical densities of scalarization in a smaller range of β in Fig. 9. It is clear that in the case
of FM neutron stars, the maximum value of the coupling constant is higher compared to
the NFM neutron stars. Therefore, in FM neutron stars, the range of the coupling constant
at which the stars are scalarized is more extended. Our results confirm that the critical
values of β are −4.35 and −4.29 for NFM and FM stars, respectively. According to our
results, for NFM neutron stars with β = −6.0 and β = −4.35, the first critical densities are
ρcr1 = 3.87ρ0 and ρcr1 = 6.21ρ0, respectively. Besides, with β = −6.0 and β = −4.35, the
second critical densities are ρcr2 = 9.72ρ0 and ρcr2 = 6.48ρ0, respectively. Moreover, for FM
stars with β = −6.0 and β = −4.29, the values of the first critical density are ρcr1 = 3.67ρ0
and ρcr1 = 23.09ρ0, respectively.
F. Scalar Charge in Ferromagnetic and Non-Ferromagnetic Neutron Stars
Fig. 10 presents the scalar charge versus the mass for NFM and FM neutron stars. For
both NFM and FM low mass stars with all values of β in two models, the scalar charge
is zero. For all NFM neutron stars with the masses higher than a special value, the scalar
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charge grows when the mass increases. For the NFM neutron stars, the mass at which the
scalar charge becomes nonzero increases with the increase of β. This is in agreement with
the result of Ref. [43]. For NFM neutron stars with high masses, the scalar charge again
becomes zero. The range of mass with nonzero scalar charge is precisely the range at which
the central scalar field is nonzero (see Fig. 6). In fact, the more scalarized the neutron
star, the more amount of scalar charge for star. Fig. 10 shows that the mass at which the
scalar charge again becomes zero reduces as β increases. In addition, the maximum value
of scalar charge decreases as the coupling constant grows. The stars with nonzero scalar
charge are the scalarized neutron stars. The range of mass with nonzero scalar charge is the
same in two models. However, M2 predicts more scalar charge compared to M1. Because
the neutron stars are more scalarized in M2. For FM stars in M1 with lower values of β,
M (Msun)
ω
0.5 1 1.5 2 2.50
0.2
0.4
0.6
0.8
1
1.2
1.4 NFM (M1)
NFM (M2)
FM (M1)
FM (M2)
β=-6.0
M (Msun)
ω
0.5 1 1.5 2 2.50
0.2
0.4
0.6
0.8
1
1.2
1.4 NFM (M1)
NFM (M2)
FM (M1)
FM (M2)
β=-5.3
M (Msun)
ω
0.5 1 1.5 2 2.50
0.2
0.4
0.6
0.8
1
1.2
1.4 NFM (M1)
NFM (M2)
FM (M1)
FM (M2)
β=-4.5
FIG. 10: Scalar charge, ω, versus the mass, M , for NFM and FM neutron stars applying M1 and
M2 with different values of the coupling constant, β.
i.e. −6.0 and −5.3, the scalar charge is an increasing function of mass. This is due to the
fact that in these conditions, the scalar field is an increasing function of both density and
mass (see Figs. 2 and 6). However, for FM stars in M1 with β = −4.5 and also in M2 with
different values of β, the scalar charge decreases when the mass grows. It is due to the fact
that according to Figs. 2 and 6, by increasing the density the scalar field increases while the
mass decreases. Therefore, for FM stars, the slope of scalar charge versus the mass depends
on the model of coupling function as well as the coupling constant. By increasing β, the
maximum value of scalar charge in FM neutron stars like the NFM ones decreases. The
maximum value of scalar charge in NFM stars in two models with different values of β is
greater than the one in FM stars. The curve related to the scalar charge of FM neutron
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stars is not a closed curve unlike the one related to the NFM stars. This is a result of this
fact that the FM neutron stars remain scalarized up to high densities.
Fig. 11 presents the scalar charge of NFM and FM neutron stars versus their compactness.
In two models with all values of β for NFM and FM neutron stars with low compactness,
the scalar charge is zero. In NFM neutron stars with the compactness higher than a special
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FIG. 11: Same as Fig. 10 but for the scalar charge versus the compactness of star, M/R.
value, the scalar charge increases with the compactness. Besides, the scalar charge again
becomes zero for NFM stars with high compactness. However, for FM stars, the scalar
charge increases monotonically with the increase of the compactness. Fig. 11 confirms that
the compactness at which the scalar charge becomes nonzero is higher for NFM neutron
stars compared to FM ones. This means that the FM stars with lower compactness can
also have scalar charge. For all stars in two models, the value of compactness at which the
scalar charge becomes nonzero increases when the coupling constant grows. It is due to the
fact that with lower values of |β| and approaching to GR, the more compactness is needed
to have the scalar charge. In addition, for both NFM and FM neutron stars in two models,
the range of compactness at which the scalar charge is nonzero decreases by increasing β. It
means that with the lower values of |β| and approaching to GR, the chance for finding the
stars with scalar charge is lower.
IV. SUMMARY AND CONCLUDING REMARKS
The structure of ferromagnetic (FM) neutron stars in scalar-tensor theories of gravity has
bee studied. To describe the neutron star, we employ the equation of state of FM neutron
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matter with Skyrme-type interactions. We found that the soft EOS of FM neutron matter
leads to the lower values of the neutron star mass compared to the non-ferromagnetic (NFM)
one. Our results confirm that with the lower values of the coupling constant, the results of
STT deviate significantly from the ones in GR. In the cases which the results of STT are
different from GR, the neutron stars are scalarized. For high density NFM neutron stars,
the results of STT and GR are the same and there is no scalarized NFM neutron stars
with high central density. However, for the FM neutron stars up to high central density
considered in this work, the results of GR and STT are not the same and these stars even
with high densities are scalarized. We found that the densities at which the scalarization
takes place are not equal for NFM and FM neutron stars. Our calculations show that for
both NFM and FM neutron stars, the first critical density of scalarization increases as the
coupling constant grows. In addition, in NFM stars, the second critical density decreases as
the coupling constant increases. The range of scalarization in FM neutron stars is greater
than NFM ones. For both NFM and FM stars, the maximum value of the central scalar field
reduces as the coupling constant increases. We showed that the deviation of STT from GR
in the mass-radius relation is more significant with lower values of the coupling constant.
Besides, this deviation in the mass-radius relation as well as the scalarization are seen in a
greater region when the coupling constant takes lower values. We found that the deviation
of STT from GR is more significant for NFM stars compared to FM ones. It means that the
EOS of neutron matter affects the amount of deviation of STT from GR. For NFM neutron
stars, the scalarized ones are larger in size compared to the GR solutions. Moreover, for
FM neutron stars, the mass of scalarized stars is lower than the ones in GR. In FM neutron
stars, the maximum value of the coupling constant at which the stars are scalarized is higher
compared to the NFM neutron stars. Our results verify that the compactness at which the
scalar charge becomes nonzero is greater for NFM neutron stars compared to FM ones. Our
work determines the magnetic effects of neutron stars on the properties of these stars in the
STTs, i.e. the profile of scalar field, the scalarization and its critical densities, the scalar
charge, and the deviation of STT from GR. In fact, we conclude that when one considers
the neutron stars in ferromagnetic phase within the STTs, it is necessary to note that the
neutron star EOS has significant effects on the behaviour of these stars in STTs. Indeed,
to test the scalar-tensor theories of gravity by neutron stars which are one of the best
laboratories for high energy physics, because of the magnetic properties of these compact
21
objects, it is more proper to note our results when one tests the scalar-tensor theories of
gravity.
Acknowledgments
We would like to thank Shiraz University Research Council.
[1] D. H. Brownell and J. Callaway, Ferromagnetic transition in superdense matter and neutron
stars, Nuovo Cimento 60 B (1969) 169.
[2] M. J. Rice, The hard-sphere Fermi gas and ferromagnetism in neutron stars, Physics Letters
29 A (1969) 637.
[3] R. Niembro, S. Marcos, M.L. Quelle, and J. Navarro, Magnetic susceptibility of neutron matter
in a relativistic approach, Physics Letters B 249 (1990) 373.
[4] S. Marcos, R. Niembro, M.L. Quelle, and J. Navarro, Magnetic susceptibility of neutron matter
in a relativistic σ + ω + pi + ρ Hartree-Fock approach, Physics Letters B 271 (1991) 277.
[5] M. Kutschera and W. Wojcik, Polarized neutron matter with Skyrme forces, Physics Letters
B 325 (1994) 271.
[6] A.I. Akhiezer, N.V. Laskin, and S.V. Peletminskii, Spontaneous magnetization of dense neu-
tron matter and electron-positron plasma, Physics Letters B 383 (1996) 444.
[7] T. Maruyama and T. Tatsumi, Ferromagnetism of nuclear matter in the relativistic approach,
Nuclear Physics A 693 (2001) 710 [arXiv:nucl-th/0010018].
[8] A. Beraudo, A. De Pace, M. Martini, and A. Molinari, Mean field at finite temperature and
symmetry breaking, Annals of Physics 311 (2004) 81 [arXiv:nucl-th/0309037].
[9] M. Eto, K. Hashimoto, and T. Hatsuda, Ferromagnetic neutron stars: Axial anomaly, dense
neutron matter, and pionic wall, Phys. Rev. D 88 (2013) 081701(R) [arXiv:1209.4814].
[10] K. Hashimoto, Possibility of ferromagnetic neutron matter, Phys. Rev. D 91 (2015) 085013 [
arXiv:1412.6960].
[11] P. Bernardos, S. Marcos, R. Niembro, and M.L. Quelle, Magnetic properties of strongly asym-
metric nuclear matter in a Dirac-Hartree-Fock approach, Physics Letters B 356 (1995) 175.
22
[12] A. A. Isayev and J. Yang, Spin polarized states in strongly asymmetric nuclear matter , Phys.
Rev. C 69 (2004) 025801 [arXiv:nucl-th/0307113].
[13] A. A. Isayev, Competition between ferromagnetic and antiferromagnetic spin ordering in nu-
clear matter, JETP Letters 77 (2003) 251 [arXiv:nucl-th/0301101].
[14] A. Rios, A. Polls, and I. Vidana, Ferromagnetic instabilities in neutron matter at finite tem-
perature with the Skyrme interaction, Phys. Rev. C 71 (2005) 055802 [arXiv:nucl-th/0501035].
[15] M. Fierz, On the physical interpretation of P.Jordan’s extended theory of gravitation , Helv.
Phys. Acta 29 (1956) 128.
[16] P. Jordan, The present state of Dirac’s cosmological hypothesis, Z. Phys. 157 (1959) 112.
[17] C. Brans and R. H. Dicke, Mach’s Principle and a Relativistic Theory of Gravitation , Phys.
Rev. 124 (1961) 925.
[18] P. G. Bergmann, Comments on the scalar-tensor theory , Int. J. Theor. Phys. 1 (1968) 25.
[19] K. Nordtvedt, Post-Newtonian Metric for a General Class of Scalar-Tensor Gravitational
Theories and Observational Consequences, Astrophys. J 161 (1970) 1059.
[20] R. V. Wagoner, Scalar-tensor theory and gravitational waves , Phys. Rev. D 1 (1970) 3209.
[21] T. Damour and G. Esposito-Farese, Tensor-multi-scalar theories of gravitation , Class. Quan-
tum Grav. 9 (1992) 2093.
[22] M. Shibata, K. Nakao, and T. Nakamura, Scalar-type gravitational wave emission from gravi-
tational collapse in Brans-Dicke theory: Detectability by a laser interferometer, Phys. Rev. D
50 (1994) 7304.
[23] T. Harada, T. Chiba, K.-i. Nakao, and T. Nakamura, Scalar gravitational wave from
Oppenheimer-Snyder collapse in scalar-tensor theories of gravity, Phys. Rev. D 55 (1997)
2024 [arXiv:gr-qc/9611031].
[24] T. Damour and G. Esposito-Farese, Nonperturbative strong-field effects in tensor-scalar theo-
ries of gravitation, Phys. Rev. Lett. 70 (1993) 2220.
[25] T. Harada, Stability Analysis of Spherically Symmetric Star in Scalar-Tensor Theories of
Gravity , Progress of Theoretical Physics 98 (1997) 359 [arXiv:gr-qc/9706014].
[26] J. Novak, Spherical neutron star collapse toward a black hole in a tensor-scalar theory of
gravity, Phys. Rev. D 57 (1998) 4789 [arXiv:gr-qc/9707041].
[27] T. Harada, Neutron stars in scalar-tensor theories of gravity and catastrophe theory, Phys.
Rev. D 57 (1998) 4802 [arXiv:gr-qc/9801049].
23
[28] J. Novak, Neutron star transition to a strong-scalar-field state in tensor-scalar gravity, Phys.
Rev. D 58 (1998) 064019 [arXiv:gr-qc/9806022].
[29] D. D. Doneva, S. S. Yazadjiev, N. Stergioulas, and K. D. Kokkotas, Rapidly rotating neutron
stars in scalar-tensor theories of gravity, Phys. Rev. D 88 (2013) 084060 [arXiv:1309.0605].
[30] F. M. Ramazanoglu and F. Pretorius, Spontaneous Scalarization with Massive Fields, Phys.
Rev. D 93 (2016) 064005 [arXiv:1601.07475].
[31] S. S. Yazadjiev, D. D. Doneva, and D. Popchev, Slowly rotating neutron stars in scalar-tensor
theories with a massive scalar field, Phys. Rev. D 93 (2016) 084038 [arXiv:1602.04766].
[32] H. Sotani and K. D. Kokkotas, Maximum mass limit of neutron stars in scalar-tensor gravity
, Phys. Rev. D 95 (2017) 044032 [arXiv:1702.00874].
[33] Z. Altaha Motahar, J. L. Blazquez-Salcedo, B. Kleihaus, and J. Kunz, Scalarization of neutron
stars with realistic equations of state, Phys. Rev. D 96 (2017) 064046 [arXiv:1707.05280].
[34] R. F. P. Mendes and N. Ortiz, New class of quasinormal modes of neutron stars in scalar-
tensor gravity, Phys. Rev. Lett. 120 (2018) 201104 [arXiv:1802.07847].
[35] T. Kobayashi and T. Hiramatsu, Relativistic stars in degenerate higher-order scalar-tensor
theories after GW170817, Phys. Rev. D 97 (2018) 104012 [arXiv:1803.10510 ].
[36] H. Sotani and K. D. Kokkotas, Compactness of neutron stars and Tolman VII solutions in
scalar-tensor gravity, Phys. Rev. D 97 (2018) 124034 [arXiv:1806.00568].
[37] K. V. Staykov, D. Popchev, D. D. Doneva, and S. S. Yazadjiev, Static and slowly rotating
neutron stars in scalar-tensor theory with self-interacting massive scalar field, Eur. Phys. J.
C 78 (2018) 586 [arXiv:1805.07818].
[38] D. D. Doneva, S. S. Yazadjiev, N. Stergioulas, and K. D. Kokkotas, Differentially ro-
tating neutron stars in scalar-tensor theories of gravity, Phys. Rev. D 98 (2018) 104039
[arXiv:1807.05449].
[39] E. Chabanat, P. Bonche, P. Haensel, J. Meyer, and R. Schaeffer, A Skyrme parametrization
from subnuclear to neutron star densities, Nucl. Phys. A 627 (1997) 710.
[40] R. F. P. Mendes and N. Ortiz, Highly compact neutron stars in scalar-tensor theories of grav-
ity: Spontaneous scalarization versus gravitational collapse, Phys. Rev. D 93 (2016) 124035
[arXiv:1604.04175].
[41] R. F. P. Mendes and N. Ortiz, A Mathematica [Wolfram Research, Inc., Mathematica
10.2, Champaign, IL (2015)] notebook containing routines to construct equilibrium solu-
24
tions in STTs and complementary plots to this paper is available at the public repository,
https://bitbucket.org/nestor ortiz/ highly compact neutron starsinstts.git.
[42] M. Salgado, D. Sudarsky, and U. Nucamendi, Spontaneous scalarization, Phys. Rev. D 58
(1998) 124003 [arXiv:gr-qc/9806070].
[43] T. Damour and G. Esposito-Farese, Tensor-scalar gravity and binary-pulsar experiments ,
Phys. Rev. D. 54 (1996) 1474 [arXiv:gr-qc/9602056].
[44] P. C. C. Freire, N. Wex, G. Esposito-Farese, J. P. W. Verbiest, M. Bailes, B. A. Jacoby, M.
Kramer, I. H. Stairs, J. Antoniadis, and G. H. Janssen, The relativistic pulsarwhite dwarf
binary PSR J1738+0333 II. The most stringent test of scalartensor gravity, Mon. Not. Roy.
Astron. Soc. 423 (2012) 3328 [arXiv:1205.1450].
25
